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BOUNDEDNESS AND INVARIANT METRICS FOR
DIFFEOMORPHISM COCYCLES OVER HYPERBOLIC SYSTEMS
VICTORIA SADOVSKAYA∗
Abstract. Let A be a Ho¨lder continuous cocycle over a hyperbolic dynamical
system with values in the group of diffeomorphisms of a compact manifold M. We
consider the periodic data of A, i.e., the set of its return values along the periodic
orbits in the base. We show that if the periodic data of A is bounded in Diff q(M),
q > 1, then the set of values of the cocycle is bounded in Diff r(M) for each r < q.
Moreover, such a cocycle is isometric with respect to a Ho¨lder continuous family of
Riemannian metrics on M.
1. Introduction and statement of the results
Group-valued cocycles over hyperbolic systems have been extensively studied start-
ing with the work of A. Livsˇic [Liv71, Liv72], who obtained definitive results for
commutative groups and made some progress for more general ones. The subsequent
research was focused on non-abelian groups, starting with compact groups and pro-
ceeding to more general ones, see [KtN] for a survey of results prior to 2008. The
case of GL(d,R) and Lie groups is now relatively well understood, see for example
[PW01, dlLW10, Ka11, KaS10, S15]. Cocycles with values in diffeomorphism groups
give another important and dynamically natural class, which is harder to analyze.
In this paper we consider the group Diff r(M) of Cr diffeomorphisms of a compact
connected manifold M and study cocycles over a hyperbolic dynamical system with
values in Diff r(M). By a hyperbolic system we mean either a transitive Anosov
diffeomorphism of a compact connected manifold, or a topologically mixing diffeo-
morphism of a locally maximal hyperbolic set, or a mixing subshift of finite type,
see Section 2.1. We focus on the problem of obtaining information about the cocycle
from its periodic data, that is, its return values along the periodic orbits in the base.
This is one of the central questions for cocycles over hyperbolic systems. The basic
problem in this area is to show that a cocycle with the identity periodic data is coho-
mologous to the identity cocycle. This was done in [NT95, dlLW10] under additional
assumptions on growth of the cocycle and recently in [KP16, AKL18, Gu] just from
the periodic data.
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In this paper we obtain results for much broader class of cocycles, which have
uniformly bounded periodic data. We show that all iterates of such a cocycle remain
uniformly bounded and the cocycle is, in a sense, a cocycle of isometries.
Definition 1.1. Let f be a homeomorphism of a compact metric space X and let A
be a function from X to Diff r(M). The Diff r(M)-valued cocycle over f generated
by A is the map A : X × Z → Diff r(M) defined by A(x, 0) = Id and for n ∈ N,
A(x, n) = Anx = A(f
n−1x) ◦ · · · ◦ A(x) and A(x,−n) = A−nx = (A
n
f−nx)
−1.
Clearly, A satisfies the cocycle equation An+kx = A
n
fkx
◦Akx.
Cocycles can be considered in any regularity. We say that a cocycle A is bounded,
continuous, or Ho¨lder continuous if this property holds for its generator A(x) = Ax.
We call a set S in Diff r(M) bounded if ‖g‖Cr and ‖g−1‖Cr are bounded uniformly
in g ∈ S. Here ‖.‖Cr denotes the usual Cr norm adapted to the manifold setting,
see Section 2.2, where a distance dCr between diffeomorphisms is also defined. A
Diff r(M)-valued cocycle A is β-Ho¨lder, 0 < β ≤ 1, if there exists c > 0 such that
dCr(Ax,Ay) ≤ c dX(x, y)
β for all x, y ∈ X.
Ho¨lder continuity is the most natural setting for cocycles over hyperbolic systems,
especially since we include non-smooth systems in the base.
For a cocycle A, we consider the periodic data set AP and the set of all values AX ,
AP = {A
k
p : p = f
kp, p ∈ X, k ∈ N} and AX = {A
n
x : x ∈ X, n ∈ Z}.
Our main results are the following two theorems. The first one gives boundedness
of the cocycle and the second one yields an invariant metric.
Theorem 1.2. Let (X, f) be a hyperbolic system, let M be a compact connected
manifold, let k ∈ N, and let A be a bounded Diff k+1(M)-valued cocycle over f which
is Ho¨lder continuous as a Diff q(M)-valued cocycle with q = k + γ, 0 < γ < 1.
(i) If the periodic data set AP is bounded in Diff
q(M), then the value set AX is
bounded in Diff r(M) for any r < q.
(ii) If AP is bounded in Diff
1(M), then AX is also bounded in Diff
1(M).
Boundedness of cocycles allows, in particular, to obtain higher regularity of a
continuous transfer map between them by the results in [NT96, NT98].
Theorem 1.3. Let (X, f) and M be as above, and let A be a bounded Diff 2(M)-
valued cocycle over f that is β-Ho¨lder continuous as a Diff q(M)-valued cocycle with
q = 1+ γ, 0 < γ < 1. If the periodic data set AP is bounded in Diff
q(M), then there
exists a family of Riemannian metrics {τx : x ∈ X} on M such that
Ax : (M, τx)→ (M, τfx) is an isometry for each x ∈ X.
Moreover, for any α < γ each τx is α-Ho¨lder continuous on M and depends Ho¨lder
continuously on x in Cα distance with exponent β(γ − α).
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We note that uniform boundedness of the periodic data is crucial in our theorems.
Indeed, S. Hurtado constructed in [H18] an example of Diff∞(S3×S1)-valued cocycles
over a Bernoulli shift for which every periodic value Akp is an isometry of some C
∞
Riemannian metric on M, but the cocycle has positive exponential growth rate of
derivatives. Also, our C1+Ho¨lder regularity assumption for the cocycle is essential as
it is known that an isometry of any α-Ho¨lder Riemannian metric is C1+α [T06].
2. preliminaries
2.1. Hyperbolic dynamical systems. See [KtH] for details.
Transitive Anosov diffeomorphisms. A diffeomorphism f of compact connected
manifold X is called Anosov if there exist a splitting of the tangent bundle TX into
a direct sum of two Df -invariant continuous subbundles Es and Eu, a Riemannian
metric on X , and a number λ such that
(2.1) ‖Dxf(v
s)‖ < λ < 1 < λ−1 < ‖Dxf(v
u)‖
for any x ∈ X and unit vectors vs ∈ Es(x) and vu ∈ Eu(x). The stable and unstable
subbundles Es and Eu are tangent to the stable and unstable foliations W s and W u.
The local stable manifold of x, W sloc(x), is a small ball in W
s(x) centered at x so that
dX(f
nx, fny) ≤ λndX(x, y) for all y ∈ W
s
loc(x) and n ∈ N.
Local unstable manifolds are defined similarly. We assume that they are small enough
so that W sloc(x)∩W
u
loc(z) consists of a single point for any sufficiently close x, z ∈ X .
A diffeomorphism is said to be (topologically) transitive if there is a point x in X
with dense orbit. All known examples of Anosov diffeomorphisms have this property.
Mixing diffeomorphisms of locally maximal hyperbolic sets. More generally,
let f be a diffeomorphism of a manifold N . A compact f -invariant set X ⊂ N is
called hyperbolic if there exist a continuous Df -invariant splitting TXN = Es ⊕ Eu,
and a Riemannian metric on an open set U ⊃ X such that (2.1) holds for all x ∈ X .
Local stable and unstable manifolds are defined similarly for any x ∈ X and we
denote their intersections with X by W sloc(x) and W
y
loc(y). The set X is called locally
maximal if X =
⋂
n∈Z f
−n(U) for some open set U ⊃ X . This property ensures that
W sloc(x) ∩W
y
loc(y) exists in X . The map f |X is called topologically mixing if for any
two open non-empty subsets U, V of X there is N ∈ N such that fn(U) ∩ V 6= ∅ for
all n ≥ N . Topological mixing implies transitivity.
Mixing subshifts of finite type. Let M be k × k matrix with entries from {0, 1}
such that all entries of MN are positive for some N . Let
X = { x = (xn)n∈Z : 1 ≤ xn ≤ k and Mxn,xn+1 = 1 for every n ∈ Z }.
The shift map f : X → X is defined by (f(x))n = xn+1. The system (X, f) is called
a mixing subshift of finite type. We fix λ ∈ (0, 1) and consider the metric
d(x, y) = dλ(x, y) = λ
n(x,y), where n(x, y) = min { |i| : xi 6= yi}.
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The following sets play the role of the local stable and unstable manifolds of x
W sloc(x) = { y : xi = yi, i ≥ 0 }, W
u
loc(x) = { y : xi = yi, i ≤ 0 }.
Indeed, for all x ∈ X , y ∈ W sloc(x), y
′ ∈ W uloc(x), and n ∈ N,
d(fnx, fny) = λn d(x, y) and d(f−nx, f−ny) = λn d(x, y),
and for any x, z ∈ X with d(x, z) < 1 the intersection of W sloc(x) and W
u
loc(z) consists
of a single point, y = (yn) such that yn = xn for n ≥ 0 and yn = zn for n ≤ 0.
2.2. Distances on the space of diffeomorphisms. We fix a smooth background
Riemannian metric and the corresponding distance dM onM. Recall that Diff
r(M),
r ≥ 1, is the set of Cr diffeomorphisms of M. The Cr topology on Diff r(M) can be
defined using coordinate patches and the Cr norm for the Euclidean space.
For diffeomorphisms g and h of M we set
dC0(g, h) = max
t∈M
dM(g(t), h(t)) + max
t∈M
dM(g
−1(t), h−1(t)).
For any g ∈ Diff r(M), r ∈ N, we can define its Cr size as
|g|Cr = ‖g‖Cr + ‖g
−1‖Cr , where ‖g‖Cr = max
t∈M
dM(g(t), t) + max
1≤i≤r
max
t∈M
‖Ditg‖,
where Ditg is the derivative of g of order i at t and its norm is defined as the norm of
the corresponding multilinear form from TtM to Tg(t)M with respect the Riemannian
metric. For r = k + α, k ∈ N, 0 < α < 1, the definition is similar with
‖g‖Cr = ‖g‖Ck + sup { ‖D
k
t −D
k
t′‖ · dM(t, t
′)−α : t, t′ ∈M, 0 < dM(t, t
′) < ǫ0},
where ǫ0 is chosen small compared to the injectivity radius ofM so that the tangent
bundle is locally trivialized via parallel transport and the difference makes sense.
We call a set S bounded in Diff r(M) if {|g|Cr : g ∈ S} is bounded.
A natural distance dCr(g, h) on Diff
r(M), r ∈ N, was defined in [dlLW10] as the
infimum of the lengths of piecewise C1 paths in Diff r(M) connecting h with g and
h−1 with g−1, where the length of a path ps is
ℓCr(ps) = max
0≤i≤r
max
t∈M
∫
‖ d
ds
(Dit ps)‖ ds,
see [dlLW10, Section 5] for details. For r = k + α, one also adds the corresponding
Ho¨lder term:
ℓCr(ps) = ℓCk(ps) + max
t∈M
∫
| d
ds
‖(Dkps)‖α,t| ds, where
‖Dkg‖α,t = sup { ‖D
k
t′ −D
k
t ‖ · dM(t
′, t)−α : t′ ∈M, 0 < dM(t, t
′) < ǫ0}.
We will consider distances only between sufficiently Cr-close diffeomorphisms, r > 1.
Then the distance dCr(g, h) is Lipschitz equivalent to ‖g − h‖Cr + ‖g
−1 − h−1‖Cr ,
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where the difference is understood using local trivialization. More specifically, there
exist constants κ and δ0 > 0 depending only on r and the Riemannian metric so that
(2.2) κ−1dCr(g, h) ≤ ‖g − h‖Cr + ‖g
−1 − h−1‖Cr ≤ κ dCr(g, h),
provided that either dCr(g, h) < δ0|g|
−1
Cr or ‖g−h‖Cr +‖g
−1−h−1‖Cr < δ0|g|
−1
Cr . The
first inequality in (2.2) can be obtained using an interpolating path
ps(t) = expg(t)(s · exp
−1
g(t) h(t))
between Cr-close diffeomorphisms. It is analogous to the “straight line homotopy”
g+ s(h− g) with d
ds
ps = h− g. The Cr closeness of g and h ensures that each ps is a
diffeomorphism as its differential is invertible. The second inequality follows from the
mean value theorem. When the diffeomorphisms are not necessarily close, we have a
one-sided estimate
(2.3) |g|Cr ≤ exp(κ
′ dC0(g, h)) · (|h|Cr + dCr(g, h)).
where the constant κ′ depends only on the Riemannian metric. It is given by [dlLW10,
Lemma 5.1] for r ∈ N and is obtained similarly for r = k + α.
3. Proof of Theorem 1.2
3.1. Slow growth of the cocycle. First we show that the cocycle has slow growth
using an extension of the following recent result by Avila, Kocsard, and Liu.
Theorem 3.1. [AKL18, Theorem 2.5] Let f : X → X be a hyperbolic homeomor-
phism and let A : X → Diff 1+γ(M), γ > 0, be a Ho¨lder continuous cocycle.
If AP = Id, that is the cocycle has the identity periodic data, then
(3.1) lim
n→±∞
n−1 log ‖DtA
n
x‖ = 0 for all (x, t) in X ×M.
Proposition 3.2. The conclusion of Theorem 3.1 holds under the weaker assumption
on the periodic data, that the set AP is bounded in Diff
1(M).
Proof. This can be seen in the first three paragraphs of the Proof of Theorem 1.1 in
Section 5 of [AKL18]. Indeed, assuming (3.1) does not hold, they show existence of a
periodic point p = fnp inX and t ∈M for which some singular value of the derivative
DtA
n
p is arbitrarily large. This contradicts boundedness of AP in Diff
1(M). 
We consider the vector bundle V over X ×M with fiber V(x,t) = TtM and the
linear cocycle
B(x,t) = DtAx on V over the map F (x, t) = (fx,Ax(t)).
The iterates of B are given by Bn(x,t) : TtM→ TAnx (t)M, where
B
n
(x,t) = DtA
n
x = DAn−1x (t)Afn−1x ◦ ... ◦DAx(t)Afx ◦DtAx.
Since the periodic data set AP is bounded in Diff
q(M) and hence in Diff 1(M),
Proposition 3.2 applies and yields (3.1), which implies that all Lyapunov exponents
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of B(x,t) are zero with respect to any F -invariant measure on X×M. It is well-known
that the latter implies sub-exponential growth of the norm, see e.g. [Schr98]. More
precisely, for each ǫ > 0 there exists Kǫ such that for all x ∈ X ,
sup {‖DtA
n
x‖ : t ∈M} ≤ Kǫe
|n|ǫ for all n ∈ Z,
where the case of n < 0 follows from the similar estimates of the inverse of A. Since
the cocycle Ax is bounded in C
k+1, it follows that higher derivatives also grow sub-
exponentially, see e.g. [dlLW10, Lemma 5.5]: for each ǫ > 0 there exists Kǫ such that
for all x ∈ X and 1 ≤ i ≤ k + 1,
sup {‖DitA
n
x‖ : t ∈M} ≤ Kǫe
|n|ǫ for all n ∈ Z.
Therefore, since q ≤ k + 1, for each ǫ > 0 there exists Kǫ such that for all x ∈ X ,
|Anx|Cq ≤ Kǫe
|n|ǫ for all n ∈ Z.
3.2. Holonomies. In this section we establish existence and regularity of holonomies
for the cocycle A. This is a fundamental property of cocycles with sufficiently
slow growth. For Diff q(M)-valued cocycles with integer q ≥ 2, the holonomies in
Diff q−1(M) were constructed in [BK15] using estimates from in [dlLW10]. We con-
sider an arbitrary q > 1 and obtain holonomies in Diff r(M) for any r < q. This
allows us to obtain our main results with any q > 1 and have an arbitrarily small loss
of regularity. Using the results from [BK15] in our arguments would result in the loss
of several derivatives as in [BK15, Theorem 1.1].
Our proof follows the usual approach of showing that {(Any)
−1 ◦ Anx} is a Cauchy
sequence by estimating the distances between consecutive terms. The main difficulty
for cocycles of diffeomorphisms is bounding the distortion of distances produced by
composition on the left and on the right. These estimates are given in Lemmas 3.5
and 3.6 below. The main difference with [BK15] is that we work with non-integer
q and r and obtain a distortion estimate (3.5) of Ho¨lder rather than Lipschitz type.
This allows us to loose arbitrarily small part of q, at the expense of obtaining lower
Ho¨lder regularity of the resulting holonomies along W s in (H3).
Proposition 3.3. Let A be a Diff q(M)-valued cocycle over a hyperbolic dynamical
system, where q = k+ γ with k ∈ N and 0 < γ < 1. Let r = k+α, where 0 < α < γ.
Suppose that A is β-Ho¨lder in Diff q(M), and for each ǫ > 0 there exists Kǫ such that
(3.2) |Anx|Cq ≤ Kǫe
ǫn for all n ∈ N.
Then for any x ∈ X and y ∈ W s(x), the limit
(3.3) Hsx,y = H
A,s
x,y = lim
n→+∞
(Any)
−1 ◦Anx
exists in Diff r(M) and satisfies
(H1) Hsx,x = Id and H
s
y,z ◦H
s
x,y = H
s
x,z, which imply (H
s
x,y)
−1 = Hsy,x;
(H2) Hsx,y = (A
n
y )
−1 ◦Hsfnx, fny ◦A
n
x for all n ∈ N;
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(H3) There exists a constant c such that for all x ∈ X and y ∈ W s
loc
(x),
dCr(H
s
x,y, Id) ≤ c dX(x, y)
βρ, where ρ = q − r,
moreover,
(3.4) dCr
(
(Any )
−1 ◦Anx, Id
)
≤ c dX(x, y)
βρ for all n ∈ N.
The maps Hsx,y are called the stable holonomies of A. It is convenient to view H
s
x,y
as a Cr diffeomorphism from Mx to My, i.e., from the fiber at x to the fiber at y.
The unstable holonomies are defined similarly: for y ∈ W u(x),
Hux,y = H
A,u
x,y = lim
n→−∞
(Any)
−1 ◦Anx
Remark 3.4. For the conclusion to hold, we do not need (3.2) to be satisfied for each
ǫ > 0, just for a sufficiently small one so that e2ǫ(1+r)λβρ < 1, where λ is as in (2.1).
First we give some estimates for distances and norms. Lemma 3.5 follows directly
from Propositions 5.5 in [dlLO98], where the estimates are obtained for compositions
of smooth maps between open sets in Euclidean spaces.
Lemma 3.5. [dlLO98] For any r ≥ 1 there exist constants Mr and M
′
r such that for
any h, g ∈ Cr(M),
‖h ◦ g‖Cr ≤M
′
r
(
1 + ‖g‖r−1C1
)
(‖h‖C1‖g‖Cr + ‖h‖Cr‖g‖C1) + ‖h‖C0 ≤
≤Mr ‖h‖Cr(1 + ‖g‖Cr)
r.
The next lemma relies on further results of [dlLO98] which involve differences of
functions. We apply these results to close diffeomorphisms using estimate (2.2), and
so we need to ensure sufficient closeness of the diffeomorphisms h1 and h2, as well as
that of the compositions g ◦ h1 ◦ g˜ and g ◦ h2 ◦ g˜.
Lemma 3.6. Let q = k+γ, r = k+α, and ρ = q−r, where k ∈ N and 0 < α < γ ≤ 1.
There exists a constant M = M(r, q,M) such that for any g, g˜ ∈ Diff q(M) and
h1, h2 ∈ Diff
r(M)
(3.5)
dCr(g ◦ h1 ◦ g˜, g ◦ h2 ◦ g˜) ≤
≤ M
(
‖g‖Cq(1 + ‖g˜‖Cr)
rρ + ‖g˜−1‖Cq(1 + ‖g
−1‖Cr)
rρ
)
· dCr(h1, h2)
ρ
provided that dCr(h1, h2) ≤ δ0|h1|
−1
Cr and the right hand side of (3.5) is less than
(3.6) δ0
(
M2r (1 + |h1|Cr)
r(‖g‖Cr (1 + ‖g˜‖Cr)
r + ‖g˜−1‖Cr (1 + ‖g
−1‖Cr)
r)
)−1
,
where δ0 is as in (2.2).
Proof. We use (2.2) to estimate the distance between close diffeomorphisms together
with the following estimate from [dlLO98, Propositions 6.2(iii)]:
‖g ◦ h˜1 − g ◦ h˜2‖Cr ≤M
′ ‖g‖Cq ‖h˜1 − h˜2‖
ρ
Cr .
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Using this and Lemma 3.5 we obtain
‖g ◦ h1 ◦ g˜ − g ◦ h2 ◦ g˜‖Cr = ‖g ◦ (h1 ◦ g˜)− g ◦ (h2 ◦ g˜)‖Cr ≤
≤M ′‖g‖Cq · ‖h1 ◦ g˜ − h2 ◦ g˜‖
ρ
Cr =M
′‖g‖Cq · ‖(h1 − h2) ◦ g˜‖
ρ
Cr ≤
≤M ′‖g‖Cq(Mr (1 + ‖g˜‖Cr)
r)ρ ‖h1 − h2‖
ρ
Cr = M
′′‖g‖Cq(1 + ‖g˜‖Cr)
rρ ‖h1 − h2‖
ρ
Cr .
It follows that
‖g ◦ h1 ◦ g˜ − g ◦ h2 ◦ g˜‖Cr + ‖g˜
−1 ◦ h−11 ◦ g
−1 − g˜−1 ◦ h−12 ◦ g
−1‖Cr ≤
≤M ′′ ‖g‖Cq (1 + ‖g˜‖Cr)
rρ · ‖h1 − h2‖
ρ
Cr +
+M ′′ ‖g˜−1‖Cq (1 + ‖g
−1‖Cr)
rρ · ‖h−11 − h
−1
2 ‖
ρ
Cr =
= M ′′
(
‖g‖Cq (1 + ‖g˜‖Cr)
rρ + ‖g˜−1‖Cq (1 + ‖g
−1‖Cr)
rρ
)
· κ dCr(h1, h2)
ρ.
By (2.2), this yields the same estimate for κ−1dCr(g ◦ h1 ◦ g˜, g ◦ h2 ◦ g˜) and gives
(3.5) with M = M ′′κ2, provided that this estimate is at most δ0 · |g ◦ h1 ◦ g˜|
−1
Cr . The
latter follows from the last assumption of the lemma and the following estimate for
|g ◦ h1 ◦ g˜|Cr . Applying Lemma 3.5 twice, we get
‖g ◦ h1 ◦ g˜‖Cr = ‖(g ◦ h1) ◦ g˜‖Cr ≤Mr ‖g ◦ h1‖Cr(1 + ‖g˜‖Cr)
r ≤
≤M2r ‖g‖Cr(1 + ‖h1‖Cr)
r (1 + ‖g˜‖Cr)
r.
Similarly,
‖(g ◦ h1 ◦ g˜)
−1‖Cr ≤M
2
r ‖g˜
−1‖Cr(1 + ‖h
−1
1 ‖Cr)
r (1 + ‖g−1‖Cr)
r,
and hence
|g ◦ h1 ◦ g˜|Cr ≤M
2
r (1 + |h1|Cr)
r
(
‖g‖Cr(1 + ‖g˜‖Cr)
r + ‖g˜−1‖Cr(1 + ‖g
−1‖Cr)
r
)
.

Proof of Proposition 3.3. We fix x ∈ X and construct Hsx,y for any y ∈ W
s
loc(x)
sufficiently close to x. Then the map Hs can be extended to the whole leaf W s(x) by
the invariance property (H2).
For y ∈ W sloc(x), we have dX(f
nx, fny) ≤ dX(x, y)λn for all n ∈ N, where 0 < λ < 1
is as in (2.1). We consider the sequence of diffeomorphisms {(Any)
−1 ◦Anx} and show
that it is Cauchy in Diff r(M).
We apply Lemma 3.6 with h1 = Id and h2 = (Afny)
−1 ◦ Afnx to estimate the
distance between consecutive terms. We will verify assumption (3.6) later.
dCr
(
(Any )
−1 ◦Anx, (A
n+1
y )
−1 ◦An+1x
)
=
= dCr
(
(Any )
−1 ◦ Id ◦Anx, (A
n
y )
−1 ◦ (Afny)
−1 ◦Afnx ◦A
n
x
)
≤
≤M
(
‖(Any )
−1‖Cq(1 + ‖A
n
x‖Cr)
rρ + ‖(Anx)
−1‖Cq(1 + ‖A
n
y‖Cr)
rρ
)
×
× dCr
(
Id, (Afny)
−1 ◦Afnx
)ρ
.
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Using condition (3.2) we estimate
‖(Any)
−1‖Cq(1 + ‖A
n
x‖Cr)
rρ ≤ Kǫe
ǫn(1 +Kǫe
ǫn)rρ ≤ K ′ǫe
ǫn(1+rρ).
Thus we have
(3.7)
dCr
(
(Any)
−1 ◦Anx, (A
n+1
y )
−1 ◦An+1x
)
≤ 2K ′ǫ e
ǫn(1+rρ) · dist(fny, fnx)βρ ≤
≤ 2K ′ǫ e
ǫn(1+rρ) · (dX(x, y)λ
n)βρ = K ′′ǫ dX(x, y)
βρ · θn, where θ = eǫ(1+rρ)λβρ.
To verify assumption (3.6), we similarly estimate
‖(Any)
−1‖Cr(1 + ‖A
n
x‖Cr)
r + ‖(Anx)
−1‖Cr(1 + ‖A
n
y‖Cr)
r ≤ K ′′ǫ e
ǫn(1+r).
We take ǫ > 0 such that θ eǫ(1+r) < 1, and in particular θ < 1. Since
K ′′ǫ dX(x, y)
βρ · θn ≤ K ′′′ǫ e
−ǫn(1+r),
we conclude that (3.6) is satisfied of all n ∈ N provided that dX(x, y) is small enough.
Therefore, by (3.7), {(Any )
−1 ◦ Anx} is a Cauchy sequence in Diff
r(M), and so it
has a limit there. Properties (H1) and (H2) are easy to verify. Properties (H3) and
(3.4) are obtained as follows. For every n ∈ N we have
dCr
(
(Any)
−1 ◦Anx, Id
)
= dCr
(
(Any)
−1 ◦Anx, (A
0
y)
−1 ◦A0x)
)
≤
≤
n−1∑
k=0
dCr
(
(Aky)
−1 ◦Akx, (A
k+1
y )
−1 ◦Ak+1x
)
≤ K ′′ǫ dX(x, y)
βρ
∞∑
n=0
θn ≤ c dX(x, y)
βρ.
Taking the limit as n→∞ we obtain dCr(Hsx,y, Id) ≤ c dX(x, y)
βρ. 
3.3. Boundedness of the cocycle. We assume that the periodic data set bounded
in | · |Cq in Proposition 3.7 and bounded in | · |C1 in Proposition 3.9.
Proposition 3.7. Suppose that a cocycle A satisfies the assumptions of Proposition
3.3 and its periodic data set AP is bounded in Diff
q(M), where q = k + γ, k ∈ N,
0 < γ < 1. Then its value set AX is bounded in Diff
r(M) for any r < q.
Proof. The base systems that we are considering satisfy the following closing property.
Lemma 3.8. (Anosov Closing Lemma [KtH, 6.4.15-17]) Let (X, f) be a topologically
mixing diffeomorphism of a locally maximal hyperbolic set. Then there exist constants
c, δ′ > 0 such that for any x ∈ X and k ∈ N with dist(x, fkx) < δ′ there exists a
periodic point p ∈ X with fkp = p such that the orbit segments x, fx, ..., fkx and
p, fp, ..., fkp satisfy
dX(f
ix, f ip) ≤ c dX(x, f
kx) for every i = 0, ..., k.
For subshifts of finite type this property can be observed directly.
Since the map f is transitive, we can consider a point z ∈ X whose orbit O(z) =
{fnz : n ∈ Z} is dense in X . Let fn1z and fn2z be two points of O(z) with
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δ := dist(fn1z, fn2z) < δ′, where δ′ is as in Lemma 3.8. We assume that n1 < n2 and
denote
w = fn1z and k = n2 − n1, so that δ = dist(w, f
kw) < δ′.
Then there exists p ∈ X with fkp = p such that dist(f iw, f ip) ≤ cδ for i = 0, ..., k.
We fix ǫ > 0 and take r1 = q − ǫ. Let y be the point of intersection of W sloc(p) and
W uloc(w). Then by Proposition 3.3 (H3) there exists a constant c1 independent of p
and y such that
dCr1 ((A
k
p)
−1 ◦Aky , Id) ≤ c1δ
βǫ.
We use Lemma 3.6 with g = Akp, h1 = (A
k
p)
−1 ◦ Aky , and h1 = Id = g˜. Since the
set AP is bounded in Diff
q(M), all norms in (3.5) and (3.6) are similarly uniformly
bounded and, in particular, condition (3.6) is satisfied if δ′ is chosen small enough.
We conclude that
dCr1 (A
k
y, A
k
p) ≤ c(|A
k
p|Cr) · dCr1 ((A
k
p)
−1 ◦Aky , Id)
ǫ ≤ c1δ
βǫ2 .
Thus the set {|Aky|Cr1} is bounded by (2.3). A similar argument, using unstable
holonomies, shows that the set {|Akw|Cr2} is bounded for r2 = r1 − ǫ = q − 2ǫ.
Therefore, there exists a constant c2 such that whenever δ := dist(f
n1z, fn2z) < δ′
with k = n2 − n1 > 0, we have |Akfn1z|Cr2 < c2.
We take m ∈ N such that the set {f jz : |j| ≤ m} is δ′-dense in X and set
cm = max { |A
j
z|Cr2 : |j| ≤ m}.
Let n > m. Then there exists j with |j| ≤ m, such that dX(f
nz, f jz) ≤ δ′. Using
Lemma 3.5, we obtain that
‖Anz‖Cr2 = ‖A
n−j
fjz
◦Ajz‖Cr2 ≤ Mr2(1 + ‖A
j
z‖Cr2 )
r2‖An−j
fjz
‖Cr2 ≤
≤Mr2(1 + cm)
r2 · c2 ≤ c3.
The cases of {‖(Anz )
−1‖Cr2} and of n < −m are similar. Thus there exists a constant
c such that
|Anz |Cr2 ≤ c for all n ∈ Z.
Since O(z) is dense in X and |Anz |Cr2 is continuous on X for each n, we conclude
that |Anx|Cr2 is uniformly bounded in x ∈ X and n ∈ Z. Since ǫ is arbitrary, the
proposition follows. 
Proposition 3.9. Suppose that a cocycle A satisfies the assumptions of Proposition
3.3 with q = 1+γ, γ > 0, and its periodic data set AP is bounded in Diff
1(M). Then
its value set AX is also bounded in Diff
1(M).
Since AX is bounded in | · |C0, it suffices to show that the first derivatives are
uniformly bounded. As in the previous proof, we consider the points z, w, p, and
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y =W sloc(p) ∩W
u
loc(w). Then by (3.4) there exists a constant c independent of p and
y such that
dC1((A
k
p)
−1 ◦Aky , Id) ≤ c and hence ‖Dt
(
(Akp)
−1 ◦Aky
)±1
‖ ≤ c′
for some c′. Since Aky = A
k
p ◦ ((A
k
p)
−1 ◦ Aky) and the set AP is bounded in | · |C1 , we
conclude that ‖Dt(Aky)
±1‖ is bounded uniformly in t, k, and y, as above, and thus
the set {Aky} is bounded in | · |C1 . Then a similar argument shows that the set {A
k
w}
is also bounded in | · |C1 . Therefore, there exists a constant c
′′ such that whenever
dist(fn1z, fn2z) < δ′ with k = n2 − n1 > 0, we have |Akfn1z|C1 < c
′′.
We take m ∈ N such that the set {f jz : |j| ≤ m} is δ′-dense in X and let
cm = max { |A
m
z |C1 : |j| ≤ m}.
Since for any n > m there exists j, |j| ≤ m, such that dX(fnz, f jz) ≤ δ′, we have
‖Dt(A
n
z )‖ = ‖DAn−j(t)(A
j
z) ◦Dt(A
n−j
fjz )‖ ≤ |A
j
z|C1 · |A
n−j
fjz |C1 ≤ cmc
′′
and similarly for ‖Dt(Anz )
−1‖ and for n < −m. Thus the set {|Anz |C1 : n ∈ Z} is
bounded, and it follows that AX is bounded | · |C1. 
This completes the proof of Theorem 1.2.
4. Proof of Theorem 1.3
We recall that q = 1 + γ, where 0 < γ < 1. We fix 0 < α < γ and set r = 1 + α.
Since the periodic data set AP is bounded in Diff
q(M), the cocycle A satisfies the
conclusion of Proposition 3.3, and in particular has stable and unstable holonomies
in Diff r(M). Also, the set of values AX is bounded in Diff
r(M) by Proposition 3.7.
As in Section 3.1, we consider the linear cocycle B(x,t) = DtAx over the map
F (x, t) = (f(x),Ax(t)) on the vector bundle V over X ×M with fiber V(x,t) = TtM.
The Proof of Theorem 1.3 is organized as follows. In Section 4.1 we construct
an everywhere defined bounded measurable family τˆ of inner products on the vector
bundle V invariant under the cocycle B. In Section 4.2 we show that τˆ is Ho¨lder
continuous along each fiber Mx in X × M. In Section 4.4 we establish essential
invariance of τˆ under the holonomies of the linear cocycle B along the stable and
unstable sets in the skew product. In Section 4.5, we consider a natural invariant
measure µˆ for the skew product that projects to the measure of maximal entropy µ
for X . Then using the above essential invariance with respect to µˆ we show that τˆx,
the restriction of τˆ to Mx, is µ-essentially invariant under the stable and unstable
holonomies of the cocycle A, as a Riemannian metric on the whole fiber Mx. This
yields essential Ho¨lder continuity of τˆx along the stable and unstable leaves in X , and
hence global Ho¨lder continuity.
The arguments in Sections 4.1 and 4.4 are similar to those in [S05, KaS10, KS13]
for conformality of linear cocycles over hyperbolic and partially hyperbolic systems.
However, the skew product F is not a volume preserving smooth partially hyperbolic
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system as in [KS13], so we adapt arguments to our case. More importantly, F is
not accessible and so we need arguments in Section 4.2 to show regularity along the
“center” M and in Section 4.5 to deduce global regularity.
4.1. An invariant bounded measurable family τˆ of inner products on V.
In this section, it suffices to assume that the cocycle A is bounded in | · |C1 , and hence
‖Bn(x,t)‖ is uniformly bounded in (x, t) ∈ X ×M and n ∈ Z.
The space T m of inner products on Rm identifies with the space of real symmetric
positive definite m ×m matrices, which is isomorphic to GL(m,R)/SO(m,R). The
groupGL(m,R) acts transitively on T m via A[E] = ATE A, where A ∈ GL(m,R) and
E ∈ T m. The space T m is a Riemannian symmetric space of non-positive curvature
when equipped with a certain GL(m,R)-invariant metric [La, Ch.XII, Theorem 1.2].
Using the background Riemannian metric on V, we can identify an inner product
with a symmetric linear operator. For each (x, t) ∈ X ×M, we denote the space of
inner products on V(x,t) by T(x,t), and so we obtain a bundle T over X×M with fiber
T(x,t). We equip the fibers of T with the Riemannian metric mentioned above. We
call a continuous (Ho¨lder continuous, measurable) section of T a continuous (Ho¨lder
continuous, measurable) Riemannian metric on V. A metric metric τ is called bounded
if the distance between τ(x,t) and τ˜(x,t) is uniformly bounded onX×M for a continuous
metric τ˜ on V. For the linear cocycle B, the pullback of an inner product τF (x,t) on
VF (x,t) to V(x,t) is given by(
B
∗
(x,t)(τF (x,t))
)
(v1, v2) = τF (x,t) (Bz(v1), (Bz)v2) for v1, v2 ∈ V(x,t).
We say that a metric τ is B-invariant if B∗(τ) = τ .
Let τ be a continuous metric on V. We consider the set
S(x, t) = { (Bn(x,t))
∗(τFn(x,t)) : n ∈ Z } ⊂ T(x,t).
Since the cocycle B is bounded, the sets S(x, t) have uniformly bounded diameters.
Since the space T(x,t) has non-positive curvature, for every (x, t) there exists a unique
smallest closed ball containing S(x, t) [La, Ch.XI, Theorem 3.1]. We denote its center
by τˆ(x,t). By the construction, the metric τˆ is invariant under B.
For any k ≥ 0, the set
(4.1) Sk(x, t) = { (Bn(x,t))
∗(τFn(x,t)) : |n| ≤ k}
depends continuously on (x, t) in Hausdorff distance, and so does the center τk(x,t) of
the smallest ball containing Sk(x, t) by Lemma 4.1 below. Since Sk(x, t) → S(x, t)
in Hausdorff distance as k → ∞ for any (x, t), the metric τˆ is the pointwise limit of
continuous metrics τk(x,t), and hence τˆ is Borel measurable.
Lemma 4.1. Let S1 and S2 be bounded sets in T m and let B(c1, r1) and B(c2, r2)
be the smallest closed balls containing S1 and S2, respectively. Then dT m(c1, c2) ≤
dH(S1, S2), where dH is the Hausdorff distance.
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Proof. Suppose dH(S1, S2) < ǫ. Then, since S1 ⊂ B(c1, r1), we have S2 ⊂ B(c1, r1+ǫ),
and hence B(c2, r2) ⊂ B(c1, r1+ ǫ) by minimality. Similarly, B(c1, r1) ⊂ B(c2, r2+ ǫ).
If dT m(c1, c2) > ǫ, we obtain a contradiction. Indeed, suppose r2 ≥ r1. Any two
points in T m lie on a unique geodesic, which is isometric to R. Therefore there exists
a point c on the geodesic through c1 and c2 with
dT m(c, c2) = r2 and dTm(c, c1) = dT m(c, c2) + dT m(c2, c1) > r2 + ǫ ≥ r1 + ǫ.
This point is in B(c2, r2), but not in B(c1, r1 + ǫ). Thus dist(c1, c2) ≤ ǫ. 
4.2. Ho¨lder continuity of τˆ along the fibers Mx in X ×M. We recall that
by Proposition 3.7 the value set AX is bounded in Diff
r(M), where r = 1 + α.
We start with an α-Ho¨lder continuous metric τ on V and obtain a bounded Borel
measurable metric τˆ , as in the previous section. Below we show that τˆ is Ho¨lder
along the fibers. We denote by τˆx the restriction of the metric τˆ to the fiber Mx.
Proposition 4.2. For each x ∈ X the metric τˆx is α-Ho¨lder continuous on Mx,
more precisely, there exists a constant c such that
(4.2) dT (τˆ (x, t), τˆ(x, t
′)) ≤ c dM(t, t
′)α for all x ∈ X and t, t′ ∈M.
Proof. We use the following lemma. It was proven in [KaS10] for conformal structures
rather than inner products, but the proof works without significant modifications.
Lemma 4.3. (cf. [KaS10, Lemma 4.5]) Let τ be an inner product on Rm and B be
a linear transformation of Rm sufficiently close to the identity. Then
dT (τ, B(τ)) ≤ c1(τ) · ‖B − Id ‖,
where the function c1(τ) is bounded on compact sets in T m.
In the chain of inequalities below, we use the following: the pullback action is an
isometry; the metric τ is α-Ho¨lder continuous and in particular bounded; Lemma 4.3;
and the fact that since AX is bounded in | · |C1+α, the norm ‖(B
n
(x,t))
±1‖ is bounded
and there is a constant c2 such that
‖Bn(x,t) −B
n
(x,t′)‖ ≤ c2 dM(t, t
′)α.
For each n ∈ Z we have
dT
(
(Bn(x,t))
∗(τFn(x,t)), (B
n
(x,t′))
∗(τFn(x,t′))
)
≤
≤ dT
(
(Bn(x,t))
∗(τFn(x,t)), (B
n
(x,t))
∗(τFn(x,t′))
)
+
+ dT
(
(Bn(x,t))
∗(τFn(x,t′)), (B
n
(x,t′))
∗(τFn(x,t′))
)
≤
≤ dT
(
τFn(x,t), τFn(x,t′)
)
+ dT
(
τFn(x,t′), (B
n
(x,t))
−1
B
n
(x,t′))
∗(τFn(x,t′))
)
≤ c3 dM(t, t
′)α + c1(τFn(x,t′))‖(B
n
(x,t))
−1
B
n
(x,t′) − Id‖ ≤
≤ c3 dM(t, t
′)α + c4‖(B
n
(x,t))
−1‖ · ‖Bn(x,t) −B
n
(x,t′)‖ ≤
≤ c3 dM(t, t
′)α + c4c5c2 dM(t, t
′)α = c6 dM(t, t
′)α.
BOUNDEDNESS AND INVARIANT METRICS FOR DIFFEOMORPHISM COCYCLES 14
Thus for each n,
dT
(
(Bn(x,t))
∗(τFn(x,t)), (B
n
(x,t′))
∗(τFn(x,t′))
)
≤ c dM(t, t
′)α for all t, t′ ∈ M,
where the constant c = c6 is independent of x and n. It follows immediately that the
Hausdorff distance between the sets Sk(x, t) and Sk(x, t′) given by (4.1) satisfies
dH(S
k(x, t), Sk(x, t′)) ≤ c dM(t, t
′)α for all x ∈ X and t, t′ ∈M.
Hence by Lemma 4.1 the center τk(x,t) of the smallest closed ball containing S
k(x, t)
also satisfies
dT (τ
k
(x,t), τ
k
(x,t′)) ≤ c dM(t, t
′)α for all x, k, t, t′.
Passing to the limit as k →∞, we obtain (4.2). 
4.3. Stable and unstable sets for F . We consider the map F (x, t) = (f(x),Ax(t))
of the set X ×M. While it is not partially hyperbolic in the classical sense, we can
define the stable sets W˜ s for F using the stable holonomies Hsx,y given by Proposition
3.3. The unstable sets W˜ u are defined similarly. For any (x, t) ∈ X ×M, we set
W˜ s(x, t) = {(y, t′) ∈ X ×M : y ∈ W s(x), t′ = Hsx,y(t)}.
We will only use the following contraction property for these sets:
dX×M(F
n(x, t), F n(y, t′))→ 0 as n→∞
for any (x, t) ∈ X ×M and (y, t′) ∈ W˜ s(x, t). It holds since
dX×M(F
n(x, t), F n(y, t′)) = dX×M
(
(fnx,Anx(t)), (f
ny,Any(t
′))
)
=
= dX(f
nx, fny) + dM(A
n
x(t),A
n
y (t
′))→ 0 as n→∞
as dX(f
nx, fny)→ 0 and
A
n
y (t
′) = Hsfnx, fny ◦A
n
x ◦H
s
y,x(t
′) = Hsfnx, fny ◦A
n
x(t),
where dCr(H
s
fnx, fny, Id) ≤ c dX(f
nx, fny)βρ → 0 by (H3) in Proposition 3.3.
4.4. Essential invariance of τˆ under the holonomies. For convenience, in the
remaining two sections we will use the push forward of an inner product by a linear
map, which is defined as the pull-back by its inverse: L∗ = (L
−1)∗.
First we show that τˆ is essentially invariant under the derivatives of Hs along the
stable sets of F in X×M. These derivatives can be interpreted as stable holonomies
of the cocycle B. The statement and proof for the unstable holonomies are similar.
Proposition 4.4. Let ν be an ergodic F -invariant probability measure on X ×M.
If τ is a ν-measurable B-invariant metric on V, then τ is essentially Hs-invariant,
more precisely, there exists an F -invariant set E ⊂ X ×M with ν(E) = 1 such that
τˆ(y, t′) = (DtH
s
x,y)∗(τˆ (x, t)) for all (x, t), (y, t
′) ∈ E with (y, t′) ∈ W˜ sloc(x, t).
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Proof. To simplify the notations, we write τ for τˆ and d for dT , and for y ∈ W sloc(x),
t ∈Mx, and t′ = Hsx,y(t) ∈My, we set
z = (x, t), z′ = (y, t′) so z′ ∈ W˜loc(z), zn = F
n(z), and z′n = F
n(z′).
Since τ is ν-measurable, by Lusin’s Theorem there exists a compact set S ⊂ X×M
with ν(S) > 1/2 so that τ is uniformly continuous and hence bounded on S. Let E
be the set of points in X×M for which the asymptotic frequency of visiting S equals
ν(S) > 1/2. By Birkhoff Ergodic Theorem, ν(E) = 1.
Suppose that both z and z′ are in E. We will show that
d
(
τ(z′), (DtH
s
xy)∗(τ(z))
)
= 0, that is, τ(z′) = (DtH
s
xy)∗(τ(z)).
Property (H2) of the holonomies, Hsx,y = (A
n
y )
−1 ◦Hsfnx, fny ◦A
n
x, implies
DtH
s
x,y = DAny (t′)(A
n
y)
−1 ◦DAnx(t)H
s
fnx, fny ◦DtA
n
x =
= (Bn(y,t′))
−1 ◦DAnx(t)H
s
fnx, fny ◦B
n
(x,t) = (B
n
z′)
−1 ◦DAnx(t)H
s
fnx, fny ◦B
n
z .
Since the metric τ is invariant under the cocycle B, and B induces an isometry on
the space of inner products, we have
(4.3)
d
(
τ(z′), (DtH
s
xy)∗(τ(z))
)
=
= d
(
τ(z′), ((Bnz′)
−1)∗ (DAnx (t)H
s
fnx, fny ◦B
n
z )∗(τ(z))
)
=
= d
(
(Bnz′)∗(τ(z
′)), (DAnx (t)H
s
fnx, fny)∗(B
n
z )∗(τ(z))
)
=
= d
(
τ(z′n), (DAnx(t)H
s
fnx, fny)∗(τ(zn))
)
=
≤ d (τ(z′n), τ(zn)) + d
(
τ(zn), (DAnx(t)H
s
fnx, fny)∗(τ(zn))
)
.
Since z, z′ ∈ E, there exists a sequence {ni} such that both zni and z
′
ni
are in S for
each i. Since z′ ∈ W˜ sloc(z), dX×M(zni , z
′
ni
) → 0 and hence d(τ(zni)), τ(z
′
ni
)) → 0 by
uniform continuity of τ on S.
By property (H3) of holonomies, dCr(H
s
x,y, Id) ≤ c dX(x, y)
βρ, where c is indepen-
dent of x and y ∈ W sloc(x). Hence
‖DAnx(t)H
s
fnx, fny − Id‖ ≤ κ dCr(H
s
fnx, fny, Id) ≤ κc dX(xn, yn)
βρ → 0 as n→∞.
Using Lemma 4.3 and boundedness of τ on S, we conclude that the last term in (4.3)
tends to 0 as n→∞. Therefore, d
(
τ(z′), (DtH
s
xy)∗(τ(z))
)
= 0. 
4.5. Ho¨lder continuity of τˆ . Now we consider a particular measure on X ×M.
Let µ be the measure of maximal entropy for (X, f). For each x ∈ X , we have the
normalized volume mx on the fiber Mx induced by the metric τˆ , which is Ho¨lder
continuous on Mx. We consider the measure µˆ on X ×M given by µˆ =
∫
mx dµ(x),
that is, for any Borel measurable set S ⊂ X ×M,
µˆ(S) =
∫
X
mx(S ∩Mx) dµ(x).
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Clearly, the measure µˆ is F -invariant. While it is not necessarily ergodic, we can
consider its ergodic components and the corresponding partition ξ of X ×M. The
Hopf argument yields that, up to a set of measure zero, every local stable set is
contained in an element of ξ. So we can apply Proposition 4.4 to ergodic components
of µˆ we obtain the following.
Corollary 4.5. There exists a set Gˆ ⊂ X ×M with µˆ(Gˆ) = 1 such that τˆ on Gˆ is
invariant under the holonomies, that is,
τˆ (z′) = (DtH
s
x,y)∗(τˆ(z)) for all z = (x, t) ∈ Gˆ and all z
′ = (y, t′) ∈ Gˆ ∩ W˜ sloc(z).
Now we establish µ-essential invariance of τˆx, as a Riemannian metric on the whole
fiber Mx, under the stable and unstable holonomies of the cocycle A over X .
Proposition 4.6. There exists a set G ⊂ X with µ(G) = 1 such that or any x, y, y′ ∈
G with y ∈ W sloc(x) and y
′ ∈ W sloc(x), the diffeomorphisms
Hsx,y : (Mx, τˆx)→ (My, τˆy) and H
u
x,y′ : (Mx, τˆx)→ (My′, τˆy′) are isometries.
Proof. We will obtain a set Gs of full measure for the stable holonomies. A similar
argument gives a full measure set Gu for the unstable holonomies, and G = Gs ∩Gu.
Let Gˆ ⊂ X ×M be as in Corollary 4.5 and let Gs = π(Gˆ) ⊂ X , where π is the
projection from X ×M to X . Then we have µ(Gs) = 1 and mx(Mx ∩ Gˆ) = 1 for
µ almost all x ∈ Gs. Discarding a set of measure zero, we can assume that Gˆ is
F -invariant and
mx(Mx ∩ Gˆ) = 1 for all x ∈ G
s.
Now we show that if x, y ∈ Gs and y ∈ W sloc(x), then H
s
x,y is an isometry between
the fibers (Mx, τˆx) and (My, τˆy). Since Hsx,y : Mx → My is a diffeomorphism, it
maps sets of zero volume to sets of zero volume. The set
E = (Mx ∩ Gˆ) ∩
(
(Hsx,y)
−1(My ∩ Gˆ)
)
satisfies E ⊂ Gˆ, Hsx,y(E) ⊂ Gˆ, and mx(E) = 1, and in particular E is dense in Mx.
By Corollary 4.5 we have
τˆ(z′) = (DtH
s
x,y)∗(τˆ(z)) for all z ∈ E.
Thus DHsx,y is isometric on the dense set E and, as the Riemannian metrics τˆx and
τˆy are α-Ho¨lder continuous along the fibers, we conclude that the diffeomorphism
Hsx,y : (Mx, τˆx)→ (My, τˆy) is an isometry for all x, y ∈ G
s with y ∈ W sloc(x).

We denote by T (M, α) the space of α-Ho¨lder continuous Riemannian metrics on
M equipped with Cα distance dT α. Then the µ-essential invariance of τˆ yields µ-
essential βρ-Ho¨lder continuity of τˆ as a function from X to T (M, α) along the stable
and unstable leaves in X .
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Corollary 4.7. The function x 7→ τˆx is βρ-Ho¨lder continuous on G along the stable
and unstable leaves in X as a function from X to T (M, α), that is
(4.4) dT α(τˆx, τˆy) ≤ C dX(x, y)
βρ for all x, y ∈ G with y ∈ W s/uloc (x).
Proof. By Proposition 3.3 (H3) the holonomies Hs/u are βρ-Ho¨lder continuous in
Diff r(M), r = 1 + α. By Proposition 4.6, Hs/ux,y (τˆx) = τˆy for all x, y ∈ G with
y ∈ W s/uloc (x). Now using Lemma 4.3 and boundedness of τˆ , we obtain
dT (τˆx, τˆy) ≤ c1 dCr(H
s/u
x,y , Id) ≤ c1c dX(x, y)
βρ.

Now the local product structure argument shows that τˆ coincides µ almost every-
where with a βρ-Ho¨lder continuous stable and unstable holonomy invariant function
τ : X → T (M, α). We consider a small open set U in X with the product structure
of stable and unstable leaves, that is
U =W sloc(x0)×W
u
loc(x0)
def
= {W sloc(x) ∩W
u
loc(y) | x ∈ W
s
loc(x0), y ∈ W
u
loc(x0)}.
We recall that the measure of maximal entropy µ is equivalent to the product of
its conditional measures on W sloc(x0) and W
u
loc(x0), which have full support on the
corresponding leaves. Therefore for µ almost all local stable leaves in U , the set of
points of G on the leaf has full conditional measure, and hence full support. Without
loss of generality, we can assume that G has no points on the other leaves. Hence
for any two points x and y in G ∩ U there exists a point w ∈ W sloc(x) ∩ G such that
W uloc(w)∩W
s
loc(y) is also in G∩U . Then (4.4) and the local product structure of the
stable and unstable manifolds yield that for all x, y ∈ G ∩ U we have
dT (τˆ (x), τˆ(y)) ≤ c3 dX(x, y)
βρ.
Since this estimate holds for all x, y ∈ G, which is dense in X , τˆ extends to a βρ-
Ho¨lder continuous function τ : X → T (M, α), which is also invariant under the
holonomies and the cocycle. As a function on X×M, τ is γ-Ho¨lder continuous with
γ = min {α, βρ}. This completes the proof of Theorem 1.3.
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